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A B S T R A C T

Enhanced oil recovery (EOR) involves several techniques, including the injection of gas (such as natural
gas, nitrogen, or CO2) into the reservoir to increase its pressure, thereby displacing oil from one or more
injection wells to production wells. For this process to be effective, it is essential that the injected gas and
the oil reach a homogeneous state. Particularly, the First-Contact Minimum Miscibility Pressure (FC-MMP)
offers a reliable (and safe) initial estimate for the pressure at which the EOR process should be conducted.
In this work, an efficient algorithm is developed that allows computing complete pressure(P)-𝛼 diagrams (𝛼:
percentage of injected gas) at a fixed temperature using traditional cubic equations of state (EoS), including
complex cases with three-phase regions. This algorithm is used to study both the qualitative and quantitative
behaviour of the P-𝛼 diagrams and to analyse how FC-MMP changes with the injection of different gases or gas
mixtures. Various reservoir fluids from the literature (with and without asphaltenes and with varying levels
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of CO2 and methane) are evaluated. In one section, three injection gases are used: CO2, N2, and a synthetic
natural gas mixture, comparing their effects on the P-𝛼 diagrams. Then, the impact of interaction parameters
on phase equilibrium and FC-MMP is analysed, and the role of asphaltene precipitation is discussed. The
study concludes with a quantitative comparison between the FC-MMP calculated here and the Multiple-Contact
MMP (MC-MMP) reported for the same fluids. Additionally, the problem of whether asphaltenes precipitation
should be considered or ignored in the determination of the FC-MMP is analysed and discussed, with different
perspectives for conventional and non-conventional shale type reservoirs.
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1. Introduction

Climate change is a well-established problem in the modern world,
ith constantly increasing global temperatures that can be problematic

n the future. Carbon dioxide emissions can be identified as one of the
ain causes of climate change, with its increasing concentration in the

tmosphere being of high concern. An important strategy to mitigate
hese problems is Carbon Capture, Utilisation and Storage (CCUS),
here the residual carbon dioxide from some processes is utilised

or other processes and finally stored to prevent it from reaching
he atmosphere. In reservoir oil production EOR can be an excellent
andidate for applying CCUS, using CO2 as a displacement fluid during
xtraction and then storing it at the subsurface formations [1]. Another

usage for CO2 can be seen when depleted wells are used as underground
atural gas reservoirs. In these cases, a layer of CO2 can be used as

a cushion of gas that assures that all the stored gas can be extracted
later, making it easier to keep a smooth supply of natural gas during
the whole year [2,3].

Currently, there are different techniques applied to EOR [4–6]. One
f the most used, because it presents certain advantages over other

techniques, is the injection of gas into the reservoir. This technique,
hich uses gases such as natural gas, nitrogen, or carbon dioxide

(CO2), accounts for nearly 60 percent of EOR production in the United
tates [7].

In EOR via miscible gas injection, a gas is injected from an injec-
ion well with two desired effects: maintain a high pressure to ease
xtraction and mix it with the entrapped oil, favouring its mobility and
isplacement [8]. During miscible gas EOR two driving forces occur

before reaching miscibility, both of which usually happen simultane-
ously. On one side, a vaporising drive occurs when some molecules
from the oil migrate to the gas phase until full miscibility is reached,
while on the condensing drive, the oil becomes increasingly enriched
with the injected gas components until both fluids are fully miscible.
When performing EOR via miscible gas injection it is important to
determine at which pressure both phases will be fully miscible, since
this results in better production yields [9]. The minimum pressure
needed to obtain a fully miscible system can be determined based on
hase equilibria calculations. In this sense, different approaches can be
aken to determine the minimum miscibility pressure (MMP). On one
and, the calculation of the MMP involving multiple contacts. In a mul-
iple contact process the injection gas and reservoir fluid are mixed in
uccessive and repeated contacts, this type of contact could be forward,
ackward, or a combination of both. Miscibility in injections develops
hen the phase compositions formed at each contact between the gas
nd the reservoir fluid move towards a critical point. The objective
s to determine, for a given composition of the injection gas and the
eservoir fluid (at the reservoir temperature), the specific critical point
or those conditions [10]. It can be stated that the miscibility process
f an injection gas with a reservoir fluid, in practice, is developed by
 multiple contact process. Thus, the saturation pressure of a reservoir
il at a constant temperature, with a specified percentage of injected
luid, represents the full miscibility pressure under these conditions.

hen the pressure surpasses this value, the mixture achieves full misci-
ility. The maximum pressure value along the curve showing saturation
ressure vs the second fluid’s percentage is the First Contact Minimum

iscibility Pressure (FC-MMP). It is important to mention that the

2 
FC-MMP can give a conservative estimate of the pressure needed to
obtain a fully miscible system since it will always be above the Multiple
Contact Minimum Miscibility Pressure (MC-MMP) [10].

Dindoruk et al. [10] carried out an extensive review of the different
techniques, both experimental and computational, to determine the
MMP, in particular the MC-MMP. In the cited article, comparisons
can be seen between analytical and experimental methods for real
fluids (see [10]). There are several approaches to determine the MMP
between a reservoir fluid and an injection gas. In particular, the deter-
mination of MC-MMP by calculation, using thermodynamic approaches,
requires complex and tedious methods, which in many cases are inac-
curate. Among them, the one proposed by Kaveh Ahmadi and Russell T.
Johns [11] stands out. It proposes determining MC-MMP by a simpler
and more precise method, which corrects the dispersion reported by
other methods, and is also faster and less complicated, based on robust
PT flash calculations that allow the use of any cubic equation of state
EOS).

On the other hand, the FC-MMP is easier to estimate considering it
can be obtained from phase equilibria calculations at a fixed composi-
tion range, instead of simulation-based approaches like it is needed for
MC-MMP [9,11,12]. Methods for calculating the FC-MMP have been
resented by Jensen and Michelsen [13].

In another connection, when talking about MMP (either FC or
C), it may be important to consider the influence that asphaltene

recipitation may have [14]. Nevertheless, as far as we know, con-
sideration of this aspect is not present so far in the literature when
dealing with phase behaviour involved in estimating FC-MMP values.
Asphaltenes are the heaviest fraction of components in crude oil. They
are usually defined based on their solubility, being the components
that are completely soluble in aromatic solvents but insoluble in light
paraffinic ones, like n-hexane and n-heptane [15]. This vague definition
f asphaltenes makes them hard to identify and quantify in reservoir
ixtures; their chemical composition and molecular structures are

till discussed and not completely understood. Asphaltenes can be
roblematic in the continuous production of oil because they tend
o precipitate and deposit on surfaces with changes in temperature,
ressure or composition. This deposition can happen in all stages of
il production, from wellbore formations to refinery units. Asphaltene

deposition can happen even when asphaltenes are present in really
low concentrations so they can be seen as a possible problem that
has no border [15]. In particular, considering oil production from
porous media, asphaltenes can deposit in the porous media, resulting
in a decrease in oil production [15]. Asphaltene precipitation can be
modelled in different ways, being the use of Equations of State the most
sed approach, where the asphaltene precipitation is modelled as the
ppearance of a second liquid phase (incipient at an onset point) in

addition to the saturated oil phase. When there is the presence of one
or more substances that present high asymmetry with the rest of the
ystem, like cases where there is carbon dioxide and heavy oil, three-
hase equilibria may occur. Moreover, reservoir fluids that contain
sphaltenes are very likely to present three-phase behaviour since they
an precipitate as another phase besides the gas and oil [16,17]. The
alculation of three-phase regions needs the inclusion of new variables
nd equations that represent the equilibria between the new third

phase and the two already coexisting phases. When predicting phase
behaviour with Equations of State there are multiple computation
approaches that can be used, one of the most common being to perform
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a sweep of flash calculations over a specific region to determine the
oexistence of phases at each condition and locate the different bound-
ries between one, two and three-phase regions. While this approach
an be simple and effective when not much information is known
bout the system, it also can be computationally intensive and give

problems with convergence [18]. Other methodologies are focused on
the calculation of phase boundary lines with efficient mathematical
algorithms that assure easy convergence of points and also can avoid
the need for stability analysis at each point. These methods can provide
a phase diagram almost instantaneously, making it easier to explore
the effect of different variables on phase equilibria. However, they
require a carefully designed algorithmic strategy to locate and calculate
each boundary line. Besides proposing an algorithmic strategy for
tracing isothermal pressure-composition diagrams related to injection
processes, this work tries to answer the following questions:

• What kind of phase behaviour can be observed when calculating
the FC-MMP?

• Do all kinds of saturation lines have the same impact?
• Should asphaltene precipitation be considered in FC-MMP deter-

mination?
For this purpose, this work is organised in the different following

sections: First, a new methodology to trace whole phase diagrams
involving fluid injection is presented. The following section shows
possible behaviours that can be seen when injecting different kinds of
luids, as well as the temperature effect. Another section is dedicated to
llustrate the important effects that a proper tuning of some 𝑘𝑖𝑗 values

may have on the 𝑃 𝛼 diagrams, even if they do not affect the prediction
f the reservoir fluid phase envelope. The last section compares the
C-MMP (calculated in this work) with the MC-MMP (taken from
iterature), showing how the former always presents higher values, with
ifferences of varying magnitude.

2. Methodology

While the study of compositional effects in general on fluid phase
behaviour is mathematically an open problem, with different possible
egrees of freedom, the specific compositional variation involved in
alculating the FC-MMP is limited to a single degree of freedom and
s constrained to the relation between two fixed compositions, cor-
esponding to the original fluid and the injected fluid. This relation
an be specified with the inclusion of a new variable, defined as the
olar relation between the amount of injected fluid and the sum of

oth fluids. The mole fraction of component 𝑖 can then be defined in
ccordance with Eq. (1).

𝐳𝑖 = 𝛼𝐳𝑖𝑛𝑗𝑖 + (1 − 𝛼)𝐳0𝑖 (1)

Where 𝐳𝑖𝑛𝑗𝑖 and 𝐳0𝑖 are the mole fractions of component 𝑖 in the
injection fluid and original fluid, respectively. A common approach to
obtain phase-boundary diagrams, especially when three-phase regions
are considered, is to perform a sweep of flash calculations and stability
tests in the region of interest, looking for the appearance and disappear-
ance of different phases. While this method can be relatively easy to
implement, flash calculations are computationally expensive and it can
be problematic to obtain useful results due to failed convergence. All
those challenges increase with the number of co-existing phases [18].

An alternative and already proven robust method is tracing the
phase-boundary line, starting from an easy-to-converge point and fol-
owing the line with an efficient numerical method. This method was
irst proposed by Michelsen [19], and extensively used by Cismondi-

Duarte et al. [16,17,20–24]. Deiters, Nichita and Venkatarathnam [25–
27] also proposed alternative procedures but with the same approach
of tracing the line instead of doing phase-equilibrium calculations in a

hole region. In this work we use a numerical continuation method
s the ones used by previous works [16,17,28]. When tracing lines
3 
using these methods, the type and number of variables used will vary
ccording to the number of phases present. In the case of two-phase
ines, being one phase incipient, the variables include pressure and
emperature in a logarithmic scale (ln𝑃 , ln 𝑇 ) and the 𝐾-factors that
epresent the ratio between the incipient and main phases mole fraction
or each component, also in logarithmic scale.

𝐾𝑖 =
𝐲𝑖
𝐳𝑖

(2)

When tracing three-phase boundaries, there are two phases already
resent in some molar proportion 𝛽 with mole fractions 𝑥𝑖 and 𝑦𝑖

for each component 𝑖, respectively, and a new incipient phase with
mole fractions 𝑤𝑖. These new mole fractions are conveniently related
to the fluid global composition and two sets of K-factors that relate
the equilibrium ratios between each main phase and this new incipient
phase composition, as follows:

𝐰𝑖 =
𝐳𝑖

𝛽 𝐾𝑦
𝑖 + (1 − 𝛽)𝐾𝑥

𝑖
(3)

𝐾𝑥
𝑖 =

𝐱𝑖
𝐰𝑖

(4)

𝐾𝑦
𝑖 =

𝐲𝑖
𝐰𝑖

(5)

2.1. Analysis of how asphaltene behaviour varies according to the charac-
eristics of the reservoir

In another work, Agger and Sørensen [28] have presented an al-
gorithm used to trace 𝑃 𝑇 and 𝑃 𝛼 phase diagrams of reservoir fluids
ncluding asphaltenes precipitation using numerical continuation meth-

ods and stability analysis to detect three-phase regions. In this work, we
se the same set of equations and method to trace phase boundary lines
ut with the difference that stability analysis is avoided by detecting

double saturation points through lines intersection as shown in the
revious works of Cismondi [16] and Benelli et al. [17] for three-

phase diagrams calculation. Here we extend the same logic to cases
of 𝑃 𝛼 boundary lines using the information provided from an already
obtained 𝑃 𝑇 phase-diagram.

Our strategy for tracing complete 𝑃 𝛼 phase diagrams can be sum-
arised in four steps, which can be seen in Fig. 1:

PT three-phase diagram tracing Start with three-phase diagrams
calculation, using the methodology already referenced [16,17].

Find occurrences Each 𝑃 𝑇 phase-diagram line provides all the neces-
sary information for a 𝑃 𝛼 line to be started, since it corresponds
to all the points where 𝛼 = 0. Therefore, with a selected
temperature 𝑇 we first locate the points in the previously cal-
culated lines at that 𝑇 value (including unstable sections of
those lines). These points provide perfect initialisation for the
𝑃 𝛼 lines, being already converged points. The two possible cases
of starting points for 𝑃 𝛼 lines can be seen at Fig. 2, where at high
temperature there is a case with occurrences with two-phase
regions, and at a lower temperature there are also occurrences
with three phase regions.

Trace two-phase boundary 𝑃 𝛼 lines With the previously converged
point use the 𝐾 and 𝑃 values to initialise the 𝑃 𝛼 line, which
is calculated with the same equations as the original 𝑃 𝑇 lines,
just with the addition of the new balance Equation (Eq. (1)).
This is repeated for each occurrence found at the specified
temperature. The detailed methodology employed to trace lines
and the complete sets of equations can be found in Appendix B.

Find three-phase regions Once two-phase boundary lines have been
traced there is a range of possibilities to initialise three-phase
regions:
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Table 1
Selected fluids.

Fluid CH4 [%mol] CO2 [%mol] Asphaltenes [%mol] Model References

A 17.5 1.7 0 PR76 [30] [31]
B 27.36 11.4 0.3 SRK [32] [9,33]
C 35.94a 2.4 0.8 PR78 [34] [35,36]
D 20 0 0 PR78 [34] [11,37]
E 35 0 0 PR78 [34] [11,38]
F 34.1a 5.6b 0 PR78 [34] [11,39]
G 37.1 6.6 0 PR78 [34] [11,40]

a In this fluid characterisation CH4 is lumped with N2.
b In this fluid characterisation CO2 is lumped with C2H6.

• There is an intersection (or more) between two lines cal-
culated in the previous stage.

• A line intersects with itself.
• There is a three-phase line intersected at the specified 𝑇

in the 𝑃 𝑇 phase envelope i.e. at 𝛼 = 0.

In the first two cases, the intersections are known as Double
Saturation Points (DSPs), where two incipient phases emerge
from a saturated phase. A case with a DSP corresponding to
the first situation can be seen at Fig. 3 where an Asphaltene
Onset Line crosses with a bubble line, while another case in
which a line intersects with itself is illustrated in Fig. 4. Three-
phase line calculations can be initialised with the information
provided with both lines at the intersection point. In the results
section, Figs. 9b and 8a represent the complete phase diagrams
including three-phase regions that correspond to the previously
mentioned figures, respectively. On the other hand, there is
always the possibility of a three-phase equilibrium region being
already existent at 𝛼 = 0. In this case, the three-phase 𝑃 𝛼
lines are initialised using the information provided with the al-
ready calculated three-phase 𝑃 𝑇 lines, in particular the point(s)
found at the specified temperature. A more complex fourth case
which cannot be detected automatically by this algorithm, is the
presence of an isolated three-phase region below the two-phase
line, that appears after a certain amount of fluid injection, as it
is shown by Coutinho et al. [29]. Since this region cannot be
detected by lines intersection, the algorithm must be restarted
with different initial values of 𝛼, starting from the corresponding
𝑃 𝑇 envelope, where the isolated region will become the third
possible case at the specified temperature.

2.2. Selected fluids

In this work, we selected a set of characterised fluids from differ-
ent literature sources, including fluids with different characteristics,
egarding for example the presence of asphaltenes. The selected fluids
re listed and labelled in Table 1, while their complete compositions
an be found in the supplementary material.

For fluids A and B, in Section 3 we analyse the obtained 𝑃 𝛼
iagrams for three different injection gases, at 300 and 500 K:

• N2
• CO2
• Natural Gas (0.8CH4∕0.15C2H6∕0.05C3H8)

In Section 4, Fluid C is used to provide a brief warning and analysis
of how the different values of 𝑘𝑖𝑗 in a model can significantly impact
the prediction of the FC-MMP for a given combination of reservoir
fluid + injection gas. Finally, in Section 5, fluids D, E, F and G are
used to make a comparison between MC-MMPs from the literature and
FC-MMPs obtained with the algorithm described in this work.
4 
Fig. 1. Algorithm used for tracing 𝑃 𝛼 lines.

Fig. 2. Original 𝑃 𝑇 phase diagram, showing found occurrences at 𝑇 = 350 K and
𝑇 = 500 K. In the region of the low-temperature three-phase bubble line, there is also
an overlapping unstable bubble line that was not plotted to keep the visibility of the
three-phase one.

3. Effect of different injection fluids on the FC-MMP and related
diagrams

Here we present the results and analysis of the effects of different
gas injections at different temperatures.
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Fig. 3. Case with a DSP when tracing from the example case at 𝑇 = 500 K. When
ooming in it is possible to see that the two two-phase lines intersect each other in a
SP.

Fig. 4. Case of a two-phase boundary line that intersects itself in a DSP.

3.1. Effect of Nitrogen injection

While the injection of Nitrogen can be useful to increase oil extrac-
ion [41,42], it is possible to see that for Fluid A a FC-MMP is reached at
xtremely high pressures in most cases, especially at low temperatures

(see Fig. 5). There are also cases where it is not even possible to
ind a value since phase separation remains open towards infinite

pressure, like in the case with Fluid B (see Fig. 6). This behaviour
an be expected, due to the high asymmetry (and very low miscibility)
etween nitrogen and the rest of the reservoir fluid components, being
2 a diatomic molecule co-existing with long-chain alkanes, which

avours phase-splitting instead of forming a miscible mixture.
A case where asphaltenes are taken into account in the fluid charac-

erisation (Fluid B) can be seen in Fig. 6. Here two types of lines appear:
upper AOPs (Asphaltene Onset Pressures) and lower AOPs. These lines
represent the appearance or disappearance of an asphaltenic phase,
eing two-phase and three-phase boundary lines, respectively [16,17,

28]. Between the upper and lower AOP lines, the three-phase incipient
bubble line is present. In this fluid, the multi-phase regions increases
monotonically with the amount of N2 injected without reaching a
maximum pressure.

In terms of the effect of temperature, it can be seen that at higher
temperatures the phase-split regions reduce in size, with a bigger
impact on the AOP lines. It is also possible to recognise the appearance
5 
of a critical point along the three-phase boundary at high pressure,
where the incipient phase shifts from being the gas to the liquid phase.

At first, the absence of a FC-MMP on Fluid B could be seen as an
effect of the presence of asphaltenes in the fluid characterisation since
it is the main difference in comparison with the previous fluid. But,
as seen in Fig. 7, if they are removed from the system the bubble line
keeps being nearly the same.

3.2. Effect of Carbon Dioxide injection

In all the fluids studied, CO2 injection has shown considerable
sensitivity to temperature, where it is possible to see that, at low
temperatures, FC-MMP cannot be observed due to an incipient liquid
line that increases in pressure indefinitely. This behaviour can be
explained by the asymmetry between CO2 and the reservoir oil both in
size and polarity, favouring the early formation of an incipient CO2-rich
liquid phase at temperatures around or below its critical temperature.
While no full miscibility will be achieved at low temperatures, it is
known that for high CO2 percentages both phases will be rich in CO2,
with similar mobility properties, but one phase being richer in the
heavy components and the other one on the light components [9]. This
behaviour will not necessarily limit production, but it can be seen that,
at lower pressures, there is the appearance of a third gas phase. This
third phase could limit the production due to gas breakthrough. When
moving to higher temperatures there is a transition of behaviour, where
a FC-MMP is observed. This kind of behaviour is expected since the
temperature is far above the critical temperature of CO2.

In Fig. 9 we show the effect of CO2 on Fluid B. A more complex
behaviour is observed, where at low temperatures there is a DSP from
which two three-phase boundary lines emerge, one corresponding to a
CH4-rich incipient phase and the other a lower AOP one. Compared
to the previous fluid, we can see a similar behaviour where no FC-
MMP can be observed at 300 K since a Liquid–Liquid equilibrium
line goes to high pressures. Nevertheless, beyond that common point,
Fig. 9a covers a much larger pressure range compared to Fig. 8a,
presenting some particular more complex characteristics that need to
be highlighted. First, note that the ‘‘3ph-Bubble’’ curve starts like that
in the lower pressure range at 𝛼 = 0, but gradually changes to imply a
liquid-like incipient phase as pressure increases. At the same time, that
ncipient phase gets richer and richer in CO2 and therefore that line
ontinues as the red ‘‘2ph-Liquid’’ line after passing the DSP, once the
sphaltenes are completely solubilised in the main liquid. Accordingly,

the three-phase region starts with a LLV character at low pressures,
but suffers a continuous transformation towards LLL separation in the
igher pressure region closer to the DSP. Second, note that the high-

pressure part of the blue dashed-line departing from the DSP shows
he paradox of actually representing upper instead of lower AOP’s as

its name indicates and is indeed the case in the low pressure part of
Fig. 9a departing from 𝛼 = 0, as in all other figures in this work and the
previous ones [16,17]. In accordance with that upper-AOP character,
he curve is somehow continued to the left in the blue solid line, i.e. the
tandard upper-AOP curve, after passing the DSP, once no CO2-rich
hase is separated.

In the case of high temperature in Fig. 9b, and coming back to the
FC-MMP perspective, both the AOP line and the three-phase bound-
ary show a maximum in pressure. This behaviour with two different
maxima (one on a two-phase upper AOP line and another on a three-
phase line) can be a trigger for the question ‘‘Which of these two values
should be considered the true FC-MMP?’’. One FC-MMP, the classic
one, implies the end of two-phase separation, or a transition from one
phase to two phases, while the other would correspond to a transition
from two-phase to three-phase separation. To identify these two kinds
of FC-MMP, we will denote them as (2ph)FC-MMP and (3ph)FC-MMP
respectively. The question makes sense and deserves attention since,
while the asphaltenes can be considered a separate phase from the

main fluid, they might appear in a really small volumetric fraction as
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Fig. 5. Effect of N2 injection on Fluid A.
Fig. 6. Effect of N2 injection on Fluid B.
t

p

Fig. 7. Injection of N2 on Fluid B at 𝑇 = 300 K removing asphaltenes from the
omposition.

a dispersed phase. This makes us think that, in principle, the AOP line
hould not be taken into account for the determination of the FC-MMP,
.e. the (2ph)FC-MMP should be ignored, but instead use the maximum
ressure from the three-phase equilibrium region, the (3ph)FC-MMP.
evertheless, the work of Fakher and Imqam [43] suggests that as-
haltene precipitation during CO2 injection may cause a significant
eduction in oil production in shale reservoirs where the asphaltenic

phase can clog the porous rock, but with a lower impact in conventional
eservoirs. Therefore, it might be important to consider the type of
eservoir and in particular take the AOPs into account in cases of shales
r similar rocks with very low porosity and permeability.
6 
3.3. Effect of synthetic natural gas injection

In the case of Natural Gas (NG) injection it is possible to see in
Fig. 10 that in Fluid A there is no appearance of a Liquid–Liquid line as
seen in the case of CO2 injection. This behaviour can be expected since
he components of the NG mixture are already present in considerable

amounts in the original fluid (and have better miscibility than CO2
with the heavier components) so there is no significant increase of
asymmetry in the system.

In the case of asphaltenes being present in the characterised fluid,
the injection of NG negatively impacts the AOP line. It can be seen
in Fig. 11 that the Upper AOP line increases to extremely high pres-
sures, similar to the case of N2 injection. However, in the three-phase
region, there is a difference: unlike nitrogen injection, where the region
remains open and continues to infinite pressures, this case exhibits a
pressure maximum, i.e. a (3ph)FC-MMP and closes itself. It can also
be seen that this behaviour is very similar to the two-phase behaviour
of Fluid A with the same natural gas (omitting the Lower AOPs).
Despite that similarity, this case with Fluid B shows how the injection
of light gases destabilises the asphaltenes in the fluid, favouring their
precipitation.

4. Importance of interaction parameters and their correct fitting

An EOS-based model should have reasonable default values for
interaction parameters, which can then be adjusted depending on the
arametric tuning strategy, to better depict the experimental behaviour

of each fluid. If a model is fitted with a certain set of experimental
points at some conditions and later used on other kinds of conditions,
it might be inappropriate. For example, fitting interaction parameters
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Fig. 8. Effect of CO2 injection at different temperatures on Fluid A, the three-phase region was calculated automatically after detecting a DSP from a self-intersection of a line,
as seen in Fig. 4.
Fig. 9. Effect of CO2 injection on Fluid B. The boundaries for each three-phase region were calculated after detecting a DSP from the intersection of two lines, as it can be seen
on Fig. 3.
Fig. 10. Effect of 𝑁 𝐺 injection on Fluid A.
p
F

using only points at a specific composition will not ensure that the
odel can correctly predict saturation points at other compositions.

or one of the characterised fluids we already studied in previous works
Fluid C) [16,17], no 𝑘𝑖𝑗 values were provided between asphaltenes and
O2 [36]. At first, a null 𝑘𝑖𝑗 might not be seen as a problem. As it can

be seen in Fig. 12, this does not impact considerably on the calculated
AOP, and this can be expected due to the low concentration of CO2
n the original fluid. However, when considering the injection of CO ,
2

7 
the impact of this parameter is more noticeable, as it is illustrated in
Fig. 13.

It is well known that CO2 destabilise asphaltenes, favouring their
recipitation [15,44,45]. If we look at the effect of CO2 injection on
luid C on the 𝑃 𝑇 phase diagram in 13a we can see that for temper-

atures above 390 K the asphaltenes precipitation happens earlier, at
higher pressures. At lower temperatures, there would be an opposite
effect, where higher concentrations of CO prevent their precipitation.
2
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Fig. 11. Effect of 𝑁 𝐺 injection on Fluid B.
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Fig. 12. Upper AOP lines of Fluid C with two different 𝑘𝑖𝑗 values between CO2 and
sphaltene.

While we have not found any experimental evidence of this crossover
ehaviour, some works found it while modelling the phase behaviour
f asphaltenes for specific fluids. When modelling with PC-SAFT Vargas

et al. [46] observed this behaviour, denoting how CO2 could stabilise
the asphaltenes at lower temperatures. Regardless of which should be
considered the real behaviour it is important to note that what can
initially be seen as a minor change in behaviour, can cause a huge
impact in predictions at different conditions. It can be more evident in
Fig. 14 how CO2 injection affects Upper AOPs depending on whether
the temperature is above or below the crossover point.

As discussed in the previous paragraphs, it is expected that the 𝑘𝑖𝑗
value for CO2-Asph will influence the (2ph)FC-MMP in a 𝑃 𝛼 diagram.
Fig. 15 illustrates the 2ph-AOP lines calculated for both zero and
non-zero 𝑘𝑖𝑗 values. The impact is clearly evident: for a zero 𝑘𝑖𝑗 , the
2ph-AOP line indicates a (2ph)FC-MMP around 600 bar, whereas with
an increase of 𝑘𝑖𝑗 the FC-MMP value also increases significantly. With a
𝑘𝑖𝑗 value of 0.05 the (2ph)FC-MMP presents a value of around 1400 bar
and with a 𝑘𝑖𝑗 value of 0.1, the 2ph-AOP begins around 500 bar
and monotonically rises in pressure as the CO2 concentration reaches
approximately 0.5, without presenting a (2ph)FC-MMP. Although not
shown in Fig. 15, the (3ph)FC-MMP based on the bubble curve is
ractically insensitive to the same variations of 𝑘𝑖𝑗 .

5. Comparison between FC-MMP and MC-MMP

While MC-MMP calculations can give good approximations of the
actual pressure that will be required to obtain full miscibility during
nhanced oil recovery by miscible gas injection, FC-MMP can also
8 
provide a more conservative first estimate. This can be seen in Table 2,
where in all cases FC-MMP is above the MMP reported by Ahmadi and
Johns [11] with their multiple mixing cell algorithm. This behaviour
is expected, since after each contact between the injection fluid and
the reservoir oil, both fluids become more similar in composition due
o molecules of the injection fluid being dissolved in the oil and
ome of the oil molecules being dissolved in the injection fluid. This
rocess progressively reduces the compositional differences between
oth fluids, until full miscibility is achieved, if the pressure is high
nough.

One important issue to consider in the analysis of these diagrams,
n view of the previous discussion in Section 3.2 considering both

(2ph) and (3ph)FC-MMP, is the following. AOP lines are not present
in Fig. 16 simply because asphaltene content was not reported for
cases 3 and 4 of Ahmadi and Johns (and by design is nonexistent for
cases 1 and 2) and therefore there is no pseudo-compound representing
asphaltenes in the EoS modelling for these cases. Nevertheless, based
on the oils characteristics, it could well be that the original reservoir
fluids contained indeed some low quantity of asphaltenes. Let us then
uppose, just as an exercise with Case 3 of Ahmadi and Johns, that
luid F has an asphaltenes mole fraction of 0.001 and we decide to
epresent these asphaltenes by the same pseudo-compound used in
luid B, separating them from the heaviest pseudo compound in the
riginal compositional Table ‘‘𝐶7 + (5)’’, which will now have a mole

fraction of 0.046 instead of 0.047. The resulting phase diagram is
presented in Fig. 17 as a variation of Fig. 16c. As expected, there is now
n upper-AOP line at higher pressures, in this case with an extreme

sensitivity to the gas injection, diverging rapidly to infinite pressure.
ut the location of the three-phase boundary which starts as a bubble
ressure line in Fig. 17, seems to be essentially the same as that of the
wo-phase boundary in Fig. 16c. An explicit and detailed comparison

in Fig. 18 shows that there are some differences, in particular some
elayed increment of bubble pressures due to gas injection but then
 higher maximum pressure in the curve. Nevertheless, the change
n that maximum pressure value, which defines the FC-MMP, is not
hat important, around 7% in this case. Then, with the perspective
iscussed in Section 3, we may conclude that, at least for this range

of low asphaltene contents, it would not have consequences to omit
asphaltenes in the analysis of the MMP, as long as the reservoir has
good porosity and permeability. However, asphaltenes should not be
ignored if the flow is more restricted, like in shale or tight reservoirs.

6. Conclusions

A new methodology to trace phase diagrams with compositional
variations, due to injection or mixing of fluids, has been proposed
and implemented successfully. This methodology takes advantage of
previously converged points in isoplethic diagrams, assuring a correct
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Fig. 13. Comparison of 𝑃 𝑇 Upper AOP lines of Fluids C, at different levels of CO2 injection. a: with 𝑘CO2−𝐴𝑠𝑝ℎ = 0, it is possible to see the existence of a crossover point at 𝑇
near 390 K. b: with 𝑘CO2−𝐴𝑠𝑝ℎ = 0.1, there is no longer a crossover point.
Fig. 14. Predicted phase diagrams when 𝑘CO2−𝐴𝑠𝑝ℎ = 0. a: 𝑇 = 380 K, where it is possible to see that the Upper AOP line goes down in pressure, meaning a stabilisation of
asphaltenes by CO2 injection. b: 𝑇 = 400 K, where the Upper AOP line goes up in pressure, meaning a destabilisation by CO2 injection.
Table 2
Differences between MC-MMP obtained by Ahmadi and Jones [11] and the FC-MMP obtained with the algorithm presented in this work. The
fluid compositions can be seen at the supplementary material or in the referenced paper in [11].

Fluid Injection gas CO2 [%mol] Temperature [K ] MC-MMP [bar ] FC-MMP [bar ] MC-MMP Depression [%]

D 80% 344.26 158.37 175.34 9.7
E 100% 322.04 89.49 127.32 29.7
F 12.4%a 373.15 228.56 326.72 30.0
G 17.75 358.15 215.46 417.23 48.4

a In this fluid characterisation the injection CO2 was lumped with ethane.
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initialisation even on hard-to-converge regions like near critical points,
nd also of the detection of Double Saturation Points, which avoids the

need to do stability analysis at each point.
The effect of different possible injection fluids on the phase be-

haviour of reservoir fluids has been studied and illustrated with specific
cases, including the effect of this injection on possible asphaltene pre-
cipitation. Each injection fluid presented particular behaviours, where
the size asymmetry between fluids shows a clear influence on the
resulting immiscibility. In particular, small molecules like nitrogen and
carbon dioxide present high FC-MMPs, if they even present one. For one
of the fluids studied (Fluid B), no FC-MMP could be seen with nitrogen,
not even at high temperatures like 500 K.

The injection of carbon dioxide and natural gas presented similar
iagrams at high temperatures but, at lower ones like 300 K, carbon
 h

9 
dioxide injection always shows the appearance of an incipient liquid
hase rich in CO2. This second liquid phase makes it impossible to
btain full miscibility on first contact, but it should be important to

consider that this might not mean that a breakthrough could happen,
and just two fluid phases flow along the reservoir.

When taking asphaltenes into the fluid characterisation, it is pos-
ible to observe two potential FC-MMPs, one of which is the absolute
r rigorous FC-MMP at the maximum AOP, denoted (2ph)FC-MMP in
his work, and another which is the maximum pressure of the three-
hase region, the (3ph)FC-MMP. In conventional reservoirs with good
orosity and permeability, the (2ph)FC-MMP based on AOP could be
gnored in most cases since asphaltenes are known to be present in
mall quantities. This might not be the case when the EOR process
appens in a shale reservoir, where the oil is in small nanopores that
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Fig. 15. AOPs of Fluid C at 𝑇 = 400, with 𝑘CO2−𝐴𝑠𝑝ℎ = 0.0, 𝑘CO2−𝐴𝑠𝑝ℎ = 0.05 and
CO2−𝐴𝑠𝑝ℎ = 0.1. It is possible to observe how, as the 𝑘𝑖𝑗 value increases, the AOP lines
ise to higher pressures.

could be easily clogged by precipitated asphaltenes, even in small
amounts.

In summary, the approach, the algorithmic strategy and the analysis
presented in this work could help both researchers and application
engineers dealing with MMP estimations or analysing complex phase
behaviours related to gas injection. Specific adaptations and interpre-

tations required to make practical decisions will depend on different a

10 
factors, mainly the type of reservoir and operation, the gas to be
injected and the asphaltene content in the reservoir fluid.
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Fig. 17. Phase diagram of Fluid F when including asphaltenes in the characterisation. a: shows the full phase diagram on logarithmic scale. b: zoom on the three-phase region.
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Fig. 18. Comparison between the phase diagram of the original fluid characterisation
two-phase line) and the line obtained when including asphaltenes (three-phase line).

Abbreviations and symbols

𝛼 Mole fraction of injected fluid

𝐾𝑖 Relation between mole fractions of component 𝑖 in the incipient
phase and in the main phase

𝐾𝑥
𝑖 Relation between mole fractions of component 𝑖 in phase 𝑥 and the

incipient phase

𝐾𝑦
𝑖 Relation between mole fractions of component 𝑖 in phase 𝑦 and 𝑖

in the incipient phase

𝑥𝑖 Mole fraction of component 𝑖 in phase 𝑥

𝑦𝑖 Mole fraction of component 𝑖 in phase 𝑦

𝑤𝑖 Mole fraction of component 𝑖 in phase 𝑤

AOP Asphaltene Onset Pressure

Asph Asphaltenes

(2ph)FC-MMP two-phase First Contact Minimum Miscibility Pressure

(3ph)FC-MMP three-phase First Contact Minimum Miscibility Pres-
sure

DSP Double Saturation Point
 T

11 
EoS Equation of State

EOR Enhanced Oil Recovery

FC-MMP First Contact Minimum Miscibility Pressure

MMP Minimum Miscibility Pressure

MC-MMP Multiple Contact Minimum Miscibility Pressure

P Pressure

T Pressure

Appendix A. Comparison with experimental data

This study employs the presented algorithm to make phase be-
aviour predictions during fluid injection. The algorithm relies on
oS models, previously fitted by other authors in the literature. Here,
e evaluate the predictions of the fitted models using our algorithm,

comparing the results with available experimental data, in order to
demonstrate how the calculation of both scenarios can be achieved.
Among the studied fluids, fluids A and B exhibit experimentally de-
termined saturation points under gas injection conditions. As shown in
Fig. A1, the model provides accurate predictions of the experimental
data points. Similarly, Fig. A2 demonstrates good agreement with ex-
perimental bubble points, though slight deviations are observed in the
AOPs. This suggests that AOPs with gas injection were not incorporated
during the tuning of the EoS parameters.

Appendix B. Phase envelopes tracing methodology

Two-phase lines

The saturation point of a fluid after some injection of a second fluid
on a molar proportion 𝛼, can be seen as the saturation point of a fluid
of global composition 𝐳 with an incipient phase of composition 𝐲. The
mole fractions 𝐳𝑖 of the main phase are related to the mole fractions of
the original fluid and the injection fluid by Eq. (1) of Section 2. Each
aturation point can be obtained by solving the system of equations:

𝐹 (�⃗�) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

ln𝐾1 + ln �̂�𝑦
1(𝐲, 𝑃 , 𝑇 ) − ln𝜙𝑧

1(𝐳, 𝑃 , 𝑇 )
⋮

ln𝐾𝑖 + ln �̂�𝑦
𝑖 (𝐲, 𝑃 , 𝑇 ) − ln𝜙𝑧

𝑖 (𝐳, 𝑃 , 𝑇 )
⋮

ln𝐾𝑁 + ln �̂�𝑦
𝑁 (𝐲, 𝑃 , 𝑇 ) − ln ̂𝜙𝑧

𝑁 (𝐳, 𝑃 , 𝑇 )
∑𝑁

𝑖 (𝑦𝑖 − 𝑧𝑖)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

= 0⃗ (B.1)

Where 𝑁 is the number of individual components present in the
ixture. The first 𝑁 equations correspond to the isofugacity criteria.
he remaining equation corresponds to the mass balance.
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Fig. A1. Comparison of predicted lines with experimental values corresponding to the
njection of CO2 at 𝑇 = 307.59 K into Fluid A. Experimental values and model from
han et al. [31].

Fig. A2. Comparison of predicted lines with experimental values corresponding to the
njection of N2 at 𝑇 = 419.82 K into fluid B. Experimental values from Jamaluddin

et al. [33] and model from Pedersen and Christensen [9].

The corresponding variables are:

�⃗� =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

ln𝐾1
⋯

ln𝐾𝑖
⋯

ln𝐾𝑁
ln𝑃
𝛼

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(B.2)

This leaves a system of 𝑁 + 1 equations and 𝑁 + 2 variables. Then,
o solve the system of equations a specification equation is added:

𝑋𝑛𝑠 − 𝑆 = 0 (B.3)

Where 𝑋𝑛𝑠 is one of the variables of the vector �⃗�, being ns its
osition in the vector, and 𝑆 is some specified value. For example, if

ns= 𝑁 + 1 and 𝑆 = ln(10), the system of equations specifies the variable
n𝑃 to a value of ln(10).

The whole system of equations can be solved with a Newton–
Raphson method. While Eq. (1) is not visible on the system of equa-
tions, it does affect the global composition 𝐳 which is an internal
ariable of the system and it must be considered for constructing the
acobian matrix which, excluding the specification equation, is as in

Box I.
For the last row of the Jacobian (corresponding to the specification

equation) all values are 0 except on the position of the specified
variable, where the value is 1.
12 
The lines are started at a point easy to converge. Then, the next
oint is initialised with an extrapolation obtained from solving the

following system for 𝑑 𝐹
𝑑 𝑆 :

𝐉𝑑�⃗�
𝑑 𝑆 + 𝑑 𝐹

𝑑 𝑆 = 0 (B.5)

And later on extrapolating the previously converged point:

�⃗�𝑛𝑒𝑤 = �⃗�𝑐 𝑜𝑛𝑣𝑒𝑟𝑔 𝑒𝑑 + 𝑑�⃗�
𝑑 𝑆 𝛥𝑆 (B.6)

Where 𝛥𝑆, the step in the specified variable, can be updated after
ach solved point. Moreover, it is possible to change the specified
ariable for each new point to be calculated. Normally, the best choice

is the variable corresponding to the highest value of 𝑑�⃗�
𝑑 𝑆 .

Three-phase lines

Three-phase lines are calculated with the same methodology shown
before for two-phase lines, but with an extended set of equations.
Here we present the system of equations used to calculate three-phase
lines. When two phases coexist in equilibrium on a molar proportion

and molar compositions 𝐱 and 𝐲, a third incipient phase with molar
omposition 𝐰 might appear. The equilibrium factors involved in this
ype of saturation point were introduced in Section 2, Eqs. (4) and (5),
hile Eq. (3) shows how 𝐰 depends of 𝐳, 𝐾𝑥, 𝐾𝑦 and 𝛽. Three-phase
oundary lines can be calculated based on an extension of the system
f equations presented for two-phase lines, as shown below (including
he specification equation).

𝐹 (�⃗� , 𝑆) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

ln𝐾𝑥
1 + ln �̂�𝑥

1 (𝐱, 𝑃 , 𝑇 ) − ln𝜙𝑤
1 (𝐰, 𝑃 , 𝑇 )

⋮

ln𝐾𝑥
𝑖 + ln �̂�𝑥

𝑖 (𝐱, 𝑃 , 𝑇 ) − ln𝜙𝑤
𝑖 (𝐰, 𝑃 , 𝑇 )

⋮

ln𝐾𝑥
𝑁 + ln �̂�𝑥

𝑁 (𝐱, 𝑃 , 𝑇 ) − ln ̂𝜙𝑤
𝑁 (𝐰, 𝑃 , 𝑇 )

ln𝐾𝑦
1 + ln �̂�𝑦

1(𝐲, 𝑃 , 𝑇 ) − ln𝜙𝑤
1 (𝐰, 𝑃 , 𝑇 )

⋮

ln𝐾𝑦
𝑖 + ln �̂�𝑦

𝑖 (𝐲, 𝑃 , 𝑇 ) − ln𝜙𝑤
𝑖 (𝐰, 𝑃 , 𝑇 )

⋮

ln𝐾𝑦
𝑁 + ln �̂�𝑦

𝑁 (𝐲, 𝑃 , 𝑇 ) − ln ̂𝜙𝑤
𝑁 (𝐰, 𝑃 , 𝑇 )

∑𝑁
𝑖 (𝐰𝑖 − 1)

∑𝑁
𝑖 (𝐱𝑖 − 𝐲𝑖)
𝑋𝑆 − 𝑆

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥
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⎥

⎥

⎥

⎥
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⎥
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⎥
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= 0⃗ (B.7)

Where the corresponding variables are:

�⃗� =

⎡

⎢
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⋯
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𝑖

⋯
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𝑁

ln𝑃
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(B.8)
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𝐉𝑖𝑗 =

⎡

⎢
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⎢
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⎢

⎢

⎢

⎢

⎢

⎣

𝑦1
𝑑 ln𝜙𝑦1
𝑑 𝑛1 + 1 ⋯ 𝑦1

𝑑 ln𝜙𝑦1
𝑑 𝑛𝑗 ⋯ 𝑦𝑁

𝑑 ln𝜙𝑦1
𝑑 𝑛𝑁 𝑃 (

𝑑 ln𝜙𝑦1
𝑑 𝑃 −

𝑑 ln𝜙𝑧1
𝑑 𝑃 )

∑𝑁
𝑘
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𝐾𝑘
𝑑 ln𝜙𝑦1
𝑑 𝑛𝑘

)

𝑑𝐳1
𝑑 𝛼

⋮ ⋱ ⋮ ⋱ ⋮ ⋮ ⋮

𝑦1
𝑑 ln𝜙𝑦𝑖
𝑑 𝑛𝑖 ⋯ 𝑦𝑗

𝑑 ln𝜙𝑦𝑖
𝑑 𝑛𝑗 + 1 ⋯ 𝑦𝑁

𝑑 ln𝜙𝑦𝑖
𝑑 𝑛𝑁 𝑃 (

𝑑 ln𝜙𝑦𝑖
𝑑 𝑃 −

𝑑 ln𝜙𝑧𝑖
𝑑 𝑃 )

∑𝑁
𝑘

(

𝐾𝑘
𝑑 ln𝜙𝑦𝑖
𝑑 𝑛𝑘

)

𝑑𝐳𝑖
𝑑 𝛼

⋮ ⋱ ⋮ ⋱ ⋮ ⋮ ⋮

𝑦1
𝑑 ln𝜙𝑦𝑁
𝑑 𝑛𝑁 ⋯ 𝑦𝑗

𝑑 ln𝜙𝑦𝑁
𝑑 𝑛𝑗 ⋯ 𝑦𝑁

𝑑 ln𝜙𝑦𝑁
𝑑 𝑛𝑁 + 1 𝑃 (

𝑑 ln𝜙𝑦𝑁
𝑑 𝑃 −

𝑑 ln𝜙𝑧𝑁
𝑑 𝑃 )

∑𝑁
𝑘

(

𝐾𝑘
𝑑 ln𝜙𝑦𝑁
𝑑 𝑛𝑘

)

𝑑𝐳𝑁
𝑑 𝛼

𝑦1 … 𝑦𝑗 … 𝑦𝑁 0
∑𝑁

𝑘

[

(

𝐾𝑘 − 1) 𝑑𝐳𝑘
𝑑 𝛼

]

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(B.4)

Box I.
a

For this system of equations the Jacobian Matrix is:

𝐉𝑖𝑗 =
𝜕 𝐹𝑖

𝜕 ln𝐾𝑥
𝑗
= 𝐾𝑥

𝑗

(

𝑑 ln �̂�𝑥
𝑖

𝑑 𝑛𝑗
𝑑𝐱𝑗
𝑑 𝐾𝑥

𝑗
−

𝑑 ln �̂�𝑤
𝑖

𝑑 𝑛𝑗
𝑑𝐰𝑗

𝑑 𝐾𝑥
𝑗

)

+ 𝛿𝑖𝑗 for 𝑖, 𝑗 ∈ [1, 𝑁]

(B.9)

Where 𝛿𝑖𝑗 is the Kronecker delta.

𝐉𝑖,𝑁+𝑗 =
𝜕 𝐹𝑖

𝜕 ln𝐾𝑦
𝑗
= 𝐾𝑦

𝑗

(

𝑑 ln �̂�𝑥
𝑖

𝑑 𝑛𝑗
𝑑𝐱𝑗
𝑑 𝐾𝑦

𝑗
−

𝑑 ln �̂�𝑤
𝑖

𝑑 𝑛𝑗
𝑑𝐰𝑗

𝑑 𝐾𝑦
𝑗

)

for 𝑖, 𝑗 ∈ [1, 𝑁]

(B.10)

𝐉𝑖,2𝑁+1 =
𝜕 𝐹𝑖
𝜕 ln𝑃

= 𝑃

(

𝑑 ln �̂�𝑥
𝑖

𝑑 𝑃 −
𝑑 ln �̂�𝑤

𝑖
𝑑 𝑃

)

for 𝑖, 𝑗 ∈ [1, 𝑁] (B.11)

𝐉𝑖,2𝑁+2 =
𝜕 𝐹𝑖
𝜕 𝛼 =

𝑁
∑

𝑘

[

𝑑𝐰𝑖
𝑑 𝛼

(

𝐾𝑥
𝑘

𝑑 ln �̂�𝑥
𝑖

𝑑 𝑛𝑘
−

𝑑 ln �̂�𝑤
𝑖

𝑑 𝑛𝑘

)]

for 𝑖, 𝑗 ∈ [1, 𝑁]

(B.12)

𝐉𝑖,2𝑁+3 =
𝜕 𝐹𝑖
𝜕 𝛽 =

𝑁
∑

𝑘

[

𝑑𝐰𝑖
𝑑 𝛽

(

𝐾𝑥
𝑘

𝑑 ln �̂�𝑥
𝑖

𝑑 𝑛𝑘
−

𝑑 ln �̂�𝑤
𝑖

𝑑 𝑛𝑘

)]

for 𝑖 ∈ [1, 𝑁] (B.13)

𝐉𝑁+𝑖,𝑗 =
𝜕 𝐹𝑁+𝑖,𝑗

𝜕 ln𝐾𝑥
𝑗

= 𝐾𝑥
𝑗

(

𝑑 ln �̂�𝑦
𝑖

𝑑 𝑛𝑗
𝑑𝐲𝑗
𝑑 𝐾𝑥

𝑗
−

𝑑 ln �̂�𝑤
𝑖

𝑑 𝑛𝑗
𝑑𝐰𝑗

𝑑 𝐾𝑥
𝑗

)

for 𝑖, 𝑗 ∈ [1, 𝑁]

(B.14)

𝐉𝑁+𝑖,𝑁+𝑗 =
𝜕 𝐹𝑁+𝑖

𝜕 ln𝐾𝑦
𝑗
= 𝐾𝑦

𝑗

(

𝜕 ln �̂�𝑦
𝑖

𝜕 𝑛𝑗
𝑑𝐲𝑗
𝑑 𝐾𝑦

𝑗
−

𝑑 ln �̂�𝑤
𝑖

𝑑 𝑛𝑗
𝑑𝐰𝑗

𝑑 𝐾𝑦
𝑗

)

+ 𝛿𝑖𝑗 for 𝑖, 𝑗 ∈ [1, 𝑁]

(B.15)

𝐉𝑁+𝑖,2𝑁+1 =
𝜕 𝐹𝑖+𝑁
𝜕 ln𝑃

= 𝑃

(

𝑑 ln �̂�𝑦
𝑖

𝑑 𝑃 −
𝑑 ln �̂�𝑤

𝑖
𝑑 𝑃

)

for 𝑖, 𝑗 ∈ [1, 𝑁] (B.16)

𝐉𝑁+𝑖,2𝑁+2 =
𝜕 𝐹𝑖+𝑁
𝜕 𝛼 =

𝑁
∑

𝑘

[

𝑑𝐰𝑖
𝑑 𝛼

(

𝐾𝑦
𝑘

𝑑 ln �̂�𝑦
𝑖

𝑑 𝑛𝑘
−

𝑑 ln �̂�𝑤
𝑖

𝑑 𝑛𝑘

)]

for 𝑖 ∈ [1, 𝑁]

(B.17)

𝐉𝑁+𝑖,2𝑁+3 =
𝜕 𝐹𝑖
𝜕 𝛽 =

𝑁
∑

𝑘

[

𝜕𝐰𝑖
𝜕 𝛽

(

𝐾𝑦
𝑘

𝜕 ln �̂�𝑦
𝑖

𝑑 𝑛𝑘
−

𝜕 ln �̂�𝑤
𝑖

𝜕 𝑛𝑘

)]

for 𝑖 ∈ [1, 𝑁]

(B.18)

𝐉2𝑁+1,𝑗 =
𝜕 𝐹2𝑁+1
𝜕 ln𝐾𝑥

𝑗
= 𝐾𝑥

𝑗
𝜕𝐰𝑖
𝜕 𝐾𝑥

𝑗
for 𝑗 ∈ [1, 𝑁] (B.19)

𝐉2𝑁+1,𝑗+𝑁 =
𝜕 𝐹2𝑁+1

𝜕 ln𝐾𝑦
𝑗

= 𝐾𝑦
𝑗
𝜕𝐰𝑖

𝜕 𝐾𝑦
𝑗

for 𝑗 ∈ [1, 𝑁] (B.20)

𝜕 𝐹

𝐉2𝑁+1,2𝑁+1 =

2𝑁+1
𝜕 ln𝑃

= 0 (B.21)

13 
𝐉2𝑁+1,2𝑁+2 =
𝜕 𝐹2𝑁+1

𝜕 𝛼 =
𝑁
∑

𝑖

𝜕𝐰𝑖
𝜕 𝛼 (B.22)

𝐉2𝑁+1,2𝑁+3 =
𝜕 𝐹2𝑁+1

𝜕 𝛽 =
𝑁
∑

𝑖

𝜕𝐰𝑖
𝜕 𝛽 (B.23)

𝐉2𝑁+2,𝑗 =
𝜕 𝐹2𝑁+2
𝜕 ln𝐾𝑥

𝑗
= 𝐾𝑥

𝑖

(

𝜕𝐱𝑗
𝜕 𝐾𝑥

𝑗
−

𝜕𝐰𝑗

𝜕 𝐾𝑥
𝑗

)

(B.24)

𝐉2𝑁+2,𝑗+𝑁 =
𝜕 𝐹2𝑁+2

𝜕 ln𝐾𝑦
𝑗

= 𝐾𝑥
𝑖

(

𝜕𝐱𝑗
𝜕 𝐾𝑦

𝑗
−

𝜕𝐲𝑗
𝜕 𝐾𝑦

𝑗

)

(B.25)

𝐉2𝑁+2,2𝑁+1 =
𝜕 𝐹2𝑁+2
𝜕 ln𝑃

= 0 (B.26)

𝐉2𝑁+2,2𝑁+2 =
𝜕 𝐹2𝑁+2

𝜕 𝛼 =
𝑁
∑

𝑖

[

𝜕𝐰𝑖
𝜕 𝛼

(

𝐾𝑥
𝑖 −𝐾𝑦

𝑖
)

]

(B.27)

𝐉2𝑁+2,2𝑁+3 =
𝜕 𝐹2𝑁+2

𝜕 𝛽 =
𝑁
∑

𝑖

[

𝜕𝐰𝑖
𝜕 𝛽

(

𝐾𝑥
𝑖 −𝐾𝑦

𝑖
)

]

(B.28)

𝐉2𝑁+3,𝑘 = ∇𝐹2𝑁+3 = 𝛿𝑘,𝑛𝑠 for 𝑘 ∈ [1, 2𝑁 + 3] (B.29)

Auxiliary derivatives
𝜕𝐳𝑖
𝜕 𝛼 = 𝐳𝑖𝑛𝑗𝑖 − 𝐳0𝑖 (B.30)

𝜕𝐰𝑖
𝜕 𝛼 = 1

𝛽 𝐾𝑦
𝑖 + (1 − 𝛽)𝐾𝑥

𝑖

𝜕𝐳𝑖
𝜕 𝛼 (B.31)

𝜕𝐰𝑖
𝜕 𝛽 = 𝐰𝑖

𝐾𝑥
𝑖 −𝐾𝑦

𝑖

(1 − 𝛽)𝐾𝑥
𝑖 + 𝛽 𝐾𝑦

𝑖
(B.32)

𝜕𝐰𝑖
𝜕 𝐾𝑥

𝑖
= −𝐰𝑖

1 − 𝛽
(1 − 𝛽)𝐾𝑥

𝑖 + 𝛽 𝐾𝑦
𝑖

(B.33)

𝜕𝐱𝑖
𝜕 𝐾𝑥

𝑖
= 𝐾𝑥

𝑖
𝜕𝐰𝑖
𝜕 𝐾𝑥

𝑖
+ 𝐰𝑖 (B.34)

𝜕𝐲𝑖
𝜕 𝐾𝑥

𝑖
= 𝐾𝑦

𝑖
𝜕𝐰𝑖
𝜕 𝐾𝑥

𝑖
(B.35)

𝜕𝐲𝑖
𝜕 𝐾𝑦

𝑖
= 𝐾𝑦

𝑖
𝜕𝐰𝑖

𝜕 𝐾𝑦
𝑖
+ 𝐰𝑖 (B.36)

𝜕𝐱𝑖
𝜕 𝐾𝑦

𝑖
= 𝐾𝑦

𝑖
𝜕𝐰𝑖

𝜕 𝐾𝑦
𝑖

(B.37)

Appendix C. Supplementary data

Supplementary material related to this article can be found online
t https://doi.org/10.1016/j.supflu.2024.106475.

Data availability

Data will be made available on request.
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